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Abstract. Flash tank evaporation combined with a condensing heat ex-
changer can be used when heat exchange is required between two streams,
where at least one of these streams is difficult to handle (tends severely to
scale, foul, causing blockages). To increase the efficiency of heat exchange, a
cascade of these units in series can be used. Heat transfer relationships in such
a cascade are very complex due to their interconnectivity; thus the impact
of any changes proposed is difficult to predict. Moreover, the distribution of
loads and driving forces at different stages and the number of designed stages
faces tradeoffs which require fundamental understanding and balances. This
paper addresses these problems, offering a mathematical model of a single
unit composed of a flash tank evaporator combined with a condensing heat
exchanger. This model is then extended for a chain of such units. The pur-
pose of this model is an accurate study of the factors influencing efficiency
of the system (maximizing heat recovery) and evaluation of the impact of an
alteration of the system, thus allowing for guided design of new or redesign
of existing systems.
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List of notations
A Heat exchanger area, m2;
cp Specific heat capacity, J/(kg.K);
F Hot stream mass flow rate, kg/s;
G Steam flow rate, kg/s;
h Specific enthalpy, J/kg;
hfg Latent heat, J/kg;
L Output hot stream mass flow rate, kg/s;
P Pressure, Pa;
Q Power, W;
S Cold stream flow rate, kg/s;
T Slurry (hot stream) temperature, ◦C;





U Heat transfer coefficient, W/(m2.K);
φ Temperature change due to non condensable gases, K;
ψ Temperature change due to superheating, K;
Subscripts and superscripts
F Input hot stream;
G Steam flow;
N Number of flash tank stages;
L Output hot stream;
S Cold stream;






Effective heat exchange between hot and cold streams is an important part of energy efficiency
in process operations. In the real-life industrial practice, a situation, where one or both of these
streams are difficult to handle in a standard shell and tube heat exchanger due to the nature of the
liquids (chemical aggressiveness, or a tendency to scale or foul because of solid particles content
or high salt content, etc.), is rather common. In these cases, an effective heat exchange can be
organized using a flash tank evaporation combined with a condensing heat exchanger. In this
system, vapour is generated from the hot stream through pressure drop in the flash tank and then
condenses in the heat exchanger, transferring the latent heat to the cold stream. Evaporation due
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to pressure drop in the flash tank is cooling the hot stream; this is followed by condensation (and
the release of the latent heat of evaporation) in the condenser, which is used as a heat exchanger
to heat the cold stream. In this manner the water vapour is used as the heat transferring agent
from one stream to the other, substituting the indirect recuperative heat transfer. In some cases
the vapour can be directly injected into the cold stream; this remarkably increases the efficiency
of the heat exchange. However, the direct injection cannot be used in all cases, as there often is a
need to remove an excess of water from the liquid.
Often to maximize the heat exchange, a train of these units arranged in a sequence is used, with
the hot stream flowing through the flash tanks and the cold stream flowing in a counter current
direction through the heat exchangers (the shell and tube type of condensers). The interlinked
nature of the flash tanks and the condensing heat exchangers in series makes analysis of the heat
exchange process difficult, as any alteration in the operating parameters at any point in the chain
impacts the other operating conditions in the rest of the train. In such a system, any change of the
system parameters could have a difficult to predict impact on the process and the overall efficiency
and balance of the heat exchange across the train. While flash tank heat exchange, as described
above, is in use in many real-life industrial applications, the particular case study for this project
is the system that is commonly in use in alumina production.
Alumina is produced from bauxite through the so-called Bayer process [7, 2, 4, 6], which consists
of four main steps (see Fig. 1):
1. Dissolution of bauxite in an aqueous Sodium hydroxide (NaOH) solution (“Digestion”);
2. Removal of the insoluble materials (“Clarification”);
3. Crystallization of gibbsite from the liquor (“Precipitation”);
4. Removal of chemically bound water (“Calcination”).
The Bayer process uses the fact that at a high temperature alumina is dissolvable in caustic soda.
In the digestion area the bauxite ore is mixed with caustic soda and the reheated spent liquor (the
recycled caustic soda), and the mixture is heated to 250◦C by adding high pressure steam; at this
stage alumina is dissolved in caustic soda. The resulting hot slurry (a mixture of the solution of
alumina in caustic soda, the insolvable minerals and hot water) then passes through a sequence of
flash tanks, where the mix is cooled through indirect heat exchange with a cold liquid stream of
the spent liquor. The cooling of the “cold fill” slurry to a temperature of 40◦C is essential for the
next stages in the alumina production process (namely, crystallization of the dissolved alumina, or
“precipitation”). After removing of the insolvable minerals and the crystallized alumina from the
mix, the remaining caustic soda (“the spent liquor”) is returned into the digester for further use. It
is obvious that by utilizing the heat that is removed from the hot stream in the flash tank train for
heating the cold spent liquor, the amount of energy (in the form of high pressure steam) required
in the digester can be considerably reduced.
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Figure 1: Basic thermal flow chart of the Digester-
Precipitator area for the Bayer process.
Regarding the very energy intensive character of the Bayer process, many developments, aiming
at an energy demand reduction, were suggested. Thus it was suggested to re-use the low-grade heat
of calcination for spent liquor evaporation [1], or to introduce a new type Spiral Heat Exchangers
for the digester liquor cycle internal heat exchange improvement [5]. Both these approaches appear
to be reasonable. On one hand, by increasing the amount of heat transferred in the flash tank
train from the hot stream leaving the digester to the cold spent liquor, the amount of high pressure
steam required in the digester will be reduced, resulting in an increase in the overall efficiency of
the process. On the other hand, the low-grade heat recovery and reuse, where it is possible in the
whole technological process, can partly replace and reduce the demand for the high potential heat,
which is currently supplied by the hot stream digester line. In both cases, however, an appropriate
mathematical model is needed in order to optimize the internal and external heat streams. The
objective of this work is to construct a basic model of a flash tank and condenser chain that would
allow a reasonably accurate evaluation of the impact of any structural of parametrical alteration of
the system, thus allowing for guided design of new, or redesign of existing systems.
2 Model of a unit composed of a flash tank and a condenser
A good level of understanding of underlying physical mechanisms of the process is essential for a
correct model composition. Fig. 2 shows the principal flow chart of a flash tank – condenser unit
and the main physical parameters; Fig. 3 represents the process state diagram with respect to the
pressure-temperature coordinate system. Here, the hot slurry enters the flash tank at flow rate F
and with specific heat cpF , pressure P0, temperature TF , and enthalpy hF . The essential condition
for the successfully operation of the system is that in the flash tank the pressure drops from P0 to
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P1 < P0. Another basic assumption is that the input liquid is saturated; that is, it is at point A in
the state diagram in Fig. 3. The third assumption is that the pressure in the flash tank and that
in the condenser are equal. Due to the pressure drop in the flash tank, water in the slurry partially
evaporates, and the vapour with specific heat cpG, pressure P1, temperature tG and enthalpy hG
flows at a rate G to the condenser (heat exchanger). The removal of the latent heat with the
formed vapour causes drop of the temperature in the flash tank from TF to TL < TF . The liquid
having pressure P1, temperature TL and enthalpy hL is leaving the flash tank at flow rate L. In
the condencer/heat exchanger steam condenses at temperature tc and pressure P1, and exchanges
heat Q with the cold liquid, which is entering the exchanger at flow rate S with temperature tin
and specific heat cps. The liquid leaves the heat exchanger at temperature tout.
Figure 2: A schematic representation of a flash tank – con-
denser unit and the corresponding physical param-
eters.
The industrial process has a number of particular properties, which are essential for the mod-
elling; the state diagram in Fig. 3 helps to explain these features.
1. The superheated state of the vapour. The state diagram in Fig. 3 shows two equilibrium
curves: curve p∗F is for of the slurry boiling in the flash tank, and curve p
∗
W is for the pure
water. As it was already mentioned, the flash tank – condenser heat exchanger systems
are preferable used when the hot stream liquid is difficult to treat; usually it is a liquid
containing many dissolved (usually non-organic) components, which are disposed to scaling.
Boiling temperatures of such liquids (such as the slurry in alumina production) are higher
than that of the pure water. The flash evaporation is an equilibrium process, and hence in the
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Figure 3: State diagram for heat exchange in a unit.
flash tank the liquid and the vapour have the same temperature. The expansion from pressure
P0 to P1 corresponds to the moving along the equilibrium curve p
∗
F for the slurry from point
A to point D in the state diagram (Fig. 3). However, the vapour is practically pure water
vapour, and hence its condensation temperature is at point C on the pure water equilibrium
curve p∗W . Therefore, the vapour is superheated by ψ degrees (Fig. 3), and hence to begin
the condensation in the condenser, the vapour firstly must be cooled to the temperature tc.
2. The influence of non-condensable gases (NCG). Real-life industrial liquids always contain
some dissolved non-condensable gases (NCG), which are released by the evaporation. As a
result, the partial pressure of the water vapour in the flash tank is lower than the overall
pressure P1, and respectively the condensation begins at a lower temperature. This is repre-
sented in Fig. 3 as a real flashing process from point A to point B (instead of point D). The
impact is equivalent to an additional superheating by ϕ degrees.
3. The condensation occurs at constant temperature. Consequently, for a single stage the actual
arrangement of the flows in the condenser (co-current or counter-current) is of no impor-
tance. This can be considered as an advantage because it implies that there are no special
requirements to the heat exchanger design; however, a general disadvantage of this is that
the temperature driving force decreases (there is a loss of potential).
4. Main physical comments. In the flash tank - condenser unit the heat transfer consists in two
sequent stages of very different character: (1) simultaneous heat and mass transfer with direct
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contact between the phases; and (2) indirect heat exchange with the external stream trough
the wall in the condenser. At the first stage the heat is transferred from the evaporation in
the flash tank to the condensation in the condenser as the latent heat of the carrier agent
— the water vapour. The movement of the agent is only one-way from the flash tank to
the condenser (unlike to that in the heat pipes), where the condensate must be constantly
removed from. The NCG content dramatically deteriorates the condensation: as it was shown
in [2], a presence of a bulk mass fraction of air equal to just 0.5% leads to a reduction of 50%
or more in heat transfer. Therefore, a venting line for maintaining NCG at a low level is
essential for efficient heat transfer. At the second stage, ordinary indirect heat exchange is
going on.
For mathematical modelling of each stage, the process is assumed continuous, with stationary
regimes and the well defined zones (e.g. flash tank, condenser) with concentrated parameters. For
the sake of simplicity, integrated forms of the equations can be used, which leads to a relatively
simple system of algebraic equations.
The model of the unit composed of a flash tank and a condenser is based on equality of the
heat generated by the flash tank (the source) and the heat consumed in the condenser (the sink).
The mass balance in the flash tank (Fig. 2) is given by the equality
F = L+G. (1)
and the enthalpy balance in the tank is
FhF = LhL +GhG. (2)
Solving these equations for L and G yields
L = F
hG − hF
hG − hL , (3)
G = F
hF − hL
hG − hL . (4)
Taking into account that, by definition, hG = hL + hfg, hF = cpFTF and hL = cpLTL, and then




[hfg − cpF (TF − TL)] (5)
G =
FcpF (TF − TL)
hfg
(6)
The generated heat power is equal to the latent heat of the water evaporated in the flash tank
(which is the carrier of the heat flow); that is,
Q = Ghfg. (7)
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By (6), we obtain the following expression:
Q = Ghfg = FcpF (TF − TL). (8)
Since hfg  cpF (> TF − TL), we use the approximation F ≈ L in further calculations.
From the Fig. 3 it can be seen that TL = tc + ϕ + ψ (Point B). As was mentioned above,
here ψ expresses the superheated state of the vapours when the evaporating liquid in the flash
tank contains dissolved non-organic components, and ϕ is the temperature correction due to the
presence of non-condensable gases in the vapour. Substituting this definition of TL into (8) yields
Q = FcpF (TF − tc − ϕ− ψ). (9)
Besides, the consumed heat in the condenser (the sink) can be expressed by the main integrated heat
exchange equation for indirect heat transfer, which is valid for both counter-current and co-current
streams (see [3, 8]), as
Q = UA∆tLM , (10)
where
∆tLM =






is the mean logarithmic temperature difference expressed as a function of the temperature differ-
ences on both ends of the heat exchanger. Furthermore, from the heat balance of the cold external
stream it follows that
Q = ScpS(tout − tin). (12)
Combining equations (10-12) and then excluding tc and tout from (9), we obtain the heat power
exchanged between the hot and cold streams by the flash tank – condenser unit as:
Q = D(TF − tin − ψ − ϕ). (13)






, KF = FcpF , KS = ScpS and C = exp (UA/KS).
It is noteworthy, that equation (13) does not include the pressures and the condensation temper-
ature, and hence is very convenient for the analysis of the system flash tank – condenser. Firstly, it
can be seen from (13) that for the given flow rates and temperatures of the streams, the exchanged
heat power depends only on heat transfer coefficient U and the heat exchange area of the condenser
A. Secondly, for given heat exchanger parameters and stream flow rates, Q depends on the hot
and cold streams input temperatures with the obvious condition
TF > tin + ϕ+ ψ. (14)
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Furthermore, in Fig. 2 temperature TF corresponds to point A on the equilibrium line of the hot
slurry p∗F , and hence it depends on the pressure of the input hot stream. Therefore, it follows
from inequality (14) that the only way to ensure satisfactory efficiency of the heat exchange is to
ensure that this pressure is sufficiently high. The relationship between the equilibrium values of
the pressure and temperature is given with a satisfactory accuracy for a wide temperature range
by the Antoine equation [1, 9]
log p∗ = K1 − K2
K3 + t
, (15)
where K1, K2 and K3 are constants.
3 Cascade of the units
In order to increase the efficiency of heat exchange, the flash tank - condenser units are often
assembled in sequential chain. The schematic representation of a series of flash tanks and heat
exchangers are shown in Fig. 4. The top line represents the flow of hot slurry from the digester
D. It starts at a temperature T1, and goes through a series of N flash tanks. At the ith flash
tank, the slurry’s temperature decreases from Ti at the input to Ti+1 at output (which is the input
temperature for the (i + 1)th flash tank), and the slurry finally exits the cascade at temperature
Tn+1 = Tout. The bottom line represents the flow of spent liquor into the digester. The flow starts
at temperature tN+1 = tin, and as it passes through the i
th condenser, its temperature increases
from ti+1 to ti. The spent liquor enters the digester at temperature t1. The closer this temperature
is to the temperature at which the digester operates (250◦C) the less energy is needed to heat it
up.
The analysis of a single condenser in Section 2 shows that the four important temperatures,
Ti, Ti+1, ti and ti+1, are related by two (approximately) linear equations (2.8) and (2.12); these equa-
tions are approximately linear, because the cP slightly depend on the temperature. In this paper,
we assume that these equations are precisely linear. Then for the 2N + 2 variables T1, . . . , TN+1
and t1, . . . , tN+1 we have 2N linear equations. In addition, we have fixed boundary conditions,
namely T1 = 250
◦C, which is the temperature at which the digester operates. This leaves one free
variable, which we shall choose to be tN+1 = tin. In this case following the general theory of linear
systems, all the remaining variables are then linearly functions of tin and T1. Thus, we have
t1 = a tin + b
where a is a real number, which from physical principles must be between 0 and 1.
From Section 2, we get that the amount of heat exchanged in the ith unit is given by
Qi = Di(Ti − ti+1 − pii),
51
Andrei Korobeinikov, John McCarthy, Emma Mooney, Krum Semkov, James Varghese
Figure 4: A cascade of the flash tank - condenser units













and pii = ψi+φi is a loss in driving force potential (temperature difference) caused by superheating
(the ψi term) and the presence of non-condensable gases (the φi term). Let the flow rate of the
spent liquor be Si and its specific heat be cpi (these may change from stage to stage as the amount
of water in the spent liquor changes). Let the flow rate of the slurry be Fi and its specific heat cpF i
(again, allowing for variation of these quantities from stage to stage). Then we have
(Ti − TN )FicpF i = Qi,
(ti − tN )SicpSi = Qi.
Let
Ki = Di/FicpF i,
ki = Di/SicpSi.
Using 3, we get the equations
Ti − Ti+1 = Ki(Ti − ti+1 − pii), (16)
ti − tn+1 = ki(Ti − tn+1 − pii). (17)
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As i ranges from 1 to N , equations (16) and (17) give 2N linear equations. If we augment them
with the two equations
T1 = Tin, (18)
tN+1 = tin, (19)
we get a system of 2N + 2 linear equations in the 2N + 2 variables T1, . . . , TN+1 and t1, . . . , tN+1.
They can be written in matrix form as A~t = ~b, where, using a superscript t to denote the transpose,
~t = (t1, T1, t2, T2, . . . , tN+1, TN+1)
t,
~b = (−k1pi1,−K1pi1,−k2pi2,−K2pi2, . . . ,−kNpiN ,−KNpiN , 255, tin)t
and A is the coefficient matrix
1 −k1 k1 − 1 0 0 0 . . .
0 1−K1 K1 −1 0 0 . . .
0 0 1 −k2 k2 − 1 0 . . .
0 0 0 1−K2 K2 −1 . . .
...
0 1 0 0 . . .
0 0 . . . 0 1

.
This system of linear algebraic equations can be solved numerically or analytically. However,
if the temperatures at the end of the hot and cold lines are only needed to be found, then the
following approach can be used. The following proposition holds for this model:
An assembly of N heat conversion units, where heat exchange in every unit described by the
system
Ti+1 = Ti −Qi/FicpF i,
ti = ti+1 +Qi/SicpSi,
Qi = Di(Ti − ti+1 − pii),
can be described by a model
TN+1 = (1−K)T1 −KtN+1 +K δ,
t1 = (1− k)tN+1 + kT1 − k ∆.
Indeed, at every stage the equalities
Ti+1 = (1−Ki)Ti +Kiti+1 +Kipii, (20)
ti = (1− ki)ti+1 + kiTi − kipii (21)
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where ki = Di/SicpSi and Ki = Di/FicpF i, hold. The boundary conditions T1 and tN+1 are assumed
to be given. Hence we have N + 1 linear algebraic equations for N + 1 unknown variables, and the
system is well defined.
The proposition definitely holds for N = 1. Assume that this holds for an assembly of i − 1
heat exchangers, from the first to the (i − 1)st. That is, we assume that the following equations
hold:
Ti = (1−K1,i−1)T1 +K1,i−1ti +K1,i−1δ1,i−1, (22)
t1 = (1− k1,i−1)ti + k1,i−1T1 − k1,i−1∆1,i−1. (23)
We now have to prove that then it also holds for an assembly of i heat exchangers.
Substituting (21) into (22), and (22) into (21),
and then substituting the results into (20) and (23) respectively, we obtain
Ti+1 = (1−K1,i)T1 +K1,iti+1 +K1,iδ1,i, (24)
t1 = (1− k1,i)ti+1 + k1,iT1 − k1,i∆1,i, (25)
where the coefficients K1,i, k1,i,∆1,i, δ1,i are defined by recurrent formulae
k1,i = 1− (1− ki)(1− k1,i−1)
1− kiK1,i−1 , (26)
K1,i = 1− (1−Ki)(1−K1,i−1)
1− kiK1,i−1 , (27)
k1,i ·∆1,i = k1,i−1∆1,i−1 − (1− k1,i−1)kiK1,i−1δ1,i−1 − kipii
1− kiK1,i−1 , (28)
K1,i · δ1,i = Kipii + (1−Ki)K1,i−1δ1,i−1 − kiK1,i−1pii
1− kiK1,i−1 . (29)
Equations (24–29) enable us to find explicitly the temperatures at the end of a given cascade
of heat converters. We have to stress that these equations also hold for any ordered sub-sequence
composed of any number of units. Furthermore, for many practically relevant heat exchanges
assemblies equations (24, 25) can be further simplified. To show this we have to recollect firstly
that parameter pii is depends exclusively on the chemical properties of the hot stream, and in
many practically relevant cases these properties can be assumed constant throughout all units of
an assembly. Indeed, by definition, term pii is the sum of two components, ψi and φi, and it reflects
a loss in driving force caused by superheating (the ψi term) and the presence of non-condensable
gases (the φi term) in the hot stream. Superheating occurs because the liquid is a mixture of
chemicals hence vaporization stars at a temperature higher that for pure water. We estimate that
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It is apparent, however, that the value of pi does not change significantly from unit to unit and
is near constant throughout the sequence of heat exchanging units. For such a case, that is if pii = pi
for all i,
∆1,i = δ1,i = pi (30)
hold, and the equations (24, 25) take the form
Ti+1 = (1−K1,i)T1 +K1,iti+1 +K1,ipi, (31)
t1 = (1− k1,i)ti+1 + k1,iT1 − k1,ipi. (32)








K1,2 · δ1,2 =
(




This recurrent process can be carried further on.
Figure 5: Temperature distribution and changes for hot and
cold lines through an heat exchange chain composed
of nine units. Here unit #0 is the digester.
Figure 5 gives an example of computations. This Figure shows a distribution of the temperature
for the hot and cold lines and changes of the temperature at each unit for a heat exchange cascade
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of nine units. In this Figure, unit #0 correspond to the digester. We use the following data: the
boundary conditions are T1 =250deg and t10 =80deg ; volumetric flow rates are VF = [ 3600, 3550,
3500, 3450, 3400, 3350, 3300, 3250, 3200 ]/3600 m3/sec for the hot stream, and VS = 2300/3600
m3/sec for all units of the cold stream; liquid densities are ρF = 1254 and ρS = 1252, respectively.
Other data are U = 2000;A = 750; cpS = 3600, cpF = 2950;φ = 1; θ = 6.5 (all units are according
to the International System of Units).
4 Conclusion
In this paper we considered the heat recovery in a complex cascade of the flash tank – condenser
heat exchange units. We start at constructing a simple basic model of a single unit composed of
a flash tank and a condenser/heat exchanger; the simplicity of this model enables us to extend it
to a chain of such units, and to obtain explicit recurrent formula for the heat exchange in such a
chain.
There is a number of practically important conclusions that immediately follow from this anal-
ysis. An important conclusion that follows from equation (13) is that the system flash tank –
condenser (a single unit) is self-regulated: the consumer (the sink) determines the heat generation
in the flash tank. Furthermore, in industrial applications the condenser is often not the only con-
sumer, as a fraction of the steam can be spited from the flash tank for other external consumers. It
is remarkable that in such a case the flash tank generates more vapour, but this requires a higher
pressure drop in the flash tank. However, such a complication does not change the principal postu-
lates of the model and can be straightforwardly accounted with a very small change in the model
by introducing a splitting coefficient. This, however, was out of the scop of the present paper. We
would like also to mention another possible complication that can be immediately incorporated
into the model, namely a possibility for an introducing mixing condensers in the cold line of the
cascade (that is, direct injection of the vapour into the cold stream, as it is show as an option in
Fig. 4).
Another important and practically relevant conclusion is that the distribution of the tempera-
tures in a multistage cascade is not linear, and the exchanged heat is not strictly uniform, even in a
case with entirely identical heat exchangers and without additional export of steam from the flash
tanks. This is due to the change of the thermo-physical parameters of the streams with temperature
and, mainly, to the decreasing flow rate F of the hot stream along the cascades in the direction
of the flow. The pressure distribution is even less uniform due to the nonlinearity of the Antoine
equation (14).
The model includes the influence of the NCG and the superheated state of the vapour generated
in the flash tank. Both effects lead to decrease of the efficiency and can be taken into account,
apart from the temperature increments ψ and ϕ, by recalculating the heat exchange coefficient U
in equations (10) and (13). Superheated vapour must be cooled to the temperature of condensation
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before the condensation can start. The gas cooling is a very slow process; the heat transfer coefficient
for the gas cooling is more than 50 times less than that of condensation. This implies that a part
of a condenser area is used for the gas cooling instead of condensation, thus decreasing the effective
area of condensation. In the case when the overall heat exchange area is used modelling (which is
common in engineering practice), then this reduction can be accounted for either by introducing
an idea of effective heat exchange area, or by reducing the effective heat exchange coefficient. The
impacts of these two factors are very important, as, for instance, in the alumina industry the usual
value of the sum ψ + ϕ is of about 6.5 degrees; this leads to approximately 11% of reduction of U
[6].
The model proposed can be used to optimize the heat recovery in the flash tank heat exchanger
cascades in general, and for the Bayer process digester section specifically. Obvious further steps
are to enhance the model taking into account heat export from the flash tank system and software
development to enable simulation of different scenarios for efficiency improvement of the entire heat
recovery system.
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